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Abstract

Perfect space-time block codes (STBCs) were first introduced by
Oggier et al. to have full rate, full diversity and non-vanishing deter-
minant. These perfect STBCs were constructed with the use of cyclic
division algebras. Sirianunpiboon et al. present a decoding algorithm
for STBCs with essentially Maximum Likelihood (ML) performance
along with an identity which, when satisfied by the STBC, makes
decoding via this algorithm computationally easier. The aim of this
work is to develop STBCs from the point of view of the decoder i.e.
finding STBCs that satisfy the identity given by Sirianunpiboon et al.

1 Introduction

Coding theory was developed to address the problem of transmitting infor-
mation accurately over noisy channels. When an antenna sends a signal to



a receiver, it gets distorted due to a variety of reasons e.g. attenuation. The
receiver faces the challenge of recovering the original signal given the received
signal. Coding theory addresses this in a number of ways. The most common
solution is for the sender to send signals from a certain codebook (the signals
are called ”codewords”). The codewords are chosen such that they are ”far
apart” in terms of a certain notion of distance. The receiver then decodes
the received signal as the codeword in the codebook that it is "closest” to.
The receiver’s algorithm is also known as "maximum likelihood decoding”.

When coding theory was first developed, the codewords used were vectors,
but in 1998 Tarokh et al. proposed a system called ”space-time coding” [6].
In this system, the reliability of the information sent could be increased by
either using multiple communication channels with different characteristics
(also known as a "diversity scheme”), or by employing multiple antennas
at both the transmitter and the receiver (also known as the "multiple-input
multiple-output (MIMO) system”). In both these schemes, the codewords
used are matrices.

The first space-time block code (STBC) that was published was the Alam-
outi scheme, published in 1998 [1]. Since then, many STBCs have been
constructed with the use of algebraic objects, most notably via division alge-
bras. In 2007, Oggier et al. published a paper detailing how cyclic division
algebras could be used to construct such codes, as well as detailing examples
of perfect STBCs for two to six antennas [4]. In 2008, Sirianunpiboon et al.
published a paper presenting a fast essentially maximum likelihood decoding
algorithm for the Golden Code (a 2 x 2 perfect STBC) [5]. Howard et al.
noticed that if an STBC satisfied a certain identity, that made the STBC
more desirable in terms of the availability of a faster decoding algorithm [3].

The aim of this paper is to develop STBCs that satisfy the identity given in
[3] that hopefully have other desirable properties as well.

The rest of the paper is organized as follows. Section 2 gives an overview of
the MIMO system and the definition of an STBC along with some properties
that make an STBC more desirable. Section 3 gives a short overview of
the work of Oggier et al. [4], Sirianunpiboon et al. [5] and Howard et
al. [3], which provides the background for this work. In section 3 we also
present a generalization of the identity given in [3] (which we henceforth call
the ”decoding identity”). The goal of section 4 is to use the background



provided in section 3 to derive necessary and sufficient conditions for an
STBC to satisfy the decoding identity. Section 5 provides an n x n STBC
which satisfies the conditions laid out in section 4, along with some analysis.
Findings and future directions for research are summarized in the conclusion,
in section 6.

Note: Throughout this paper, we will let I}, denote the k x k identity matrix,
27

and ( =e* .

2 An Introduction to Space-Time Block Codes
(STBCs)

Refer to [2] or [4] for a more complete introduction to STBCs.

2.1 The Multiple-Input Multiple-Output System

In one time segment, a single transmit antenna sends one signal, which is
modeled as a complex number z € C. The signal travels to the antenna at
the receiver through some channel. While passing through the channel the
signal gets distorted, and this is modeled by multiply x by some h € C, which
is known as the ”channel gain” or ”fade coefficient”. Finally the signal picks
up some noise z at the receiver itself, assumed to be additive noise. As such,
the received signal is y = hx + 2.

Now consider a system with n, transmit antennas and n, receive antennas. If
we let h;; denote the channel gain between the jth transmit and ¢th receive
antennas, then the received signal at the ith receive antenna is

nt
Yi = E hijey + zi,
J=1

where z; is the additive noise at the ith receive antenna, often modeled as a
complex Gaussian variable with zero mean.

If, in addition, we assume that the channel is ” quasi-static”, i.e. the channel
gains h;; remain essentially constant over 7' time segments, we can use matrix
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notation to express the received signals at all the receive antennas over 7' time
segments:
YnTXT == HnrxntXm <xT + ZnTXT-

2.2 Space-Time Block Codes

Definition 2.1. A space-time block code (STBC) is a finite set C of ny x T’
complex matrices X (with n;, T and X as defined in the previous section).

The entries of a codeword X € C are usually chosen from a finite subset
of the complex numbers, called a ”signal constellation” S C C. Common
constellations are the M-QAM constellations (M points in the Z[i] lattice
arranged in a square about the origin), and the M-HEX constellations (M

2mi

points from the Z[(] lattice, where { = e ).

The definition above allows a wide range of subsets of C to form STBCs.
However, for STBCs to be useful in reality, they must have some sort of
algebraic structure. Often, it is useful for the codebook C to be part of a
subring of GL,(C). As such, the following approach is often taken: we look
for an infinite code C,, C C with desirable properties, then we choose C to
be a finite subgroup of C.

In this paper, we will only be concerned with square STBCs, i.e. n; =1T.

There are several properties that make STBCs more desirable: [2] and [4]
list some of them. We only provide the two that are relevant to this work:

1. Full diversity. For square STBCs, full diversity is obtained if the
determinant of the difference of any two distinct codewords is nonzero,
ie.

2. Minimum determinant. The coding gain for an STBC is given by
the minimum determinant

min | det(X; — X;)|?.

A larger minimum determinant makes an STBC more desirable.



3 Overview of Previous Work Done

3.1 Construction of STBCs from Cyclic Division Al-
gebras

[4] details the construction of perfect STBCs with the use of cyclic division
algebras. The Golden code was presented as a worked example of such an

STBC.

It was noticed that {1,7} (where 7 = %g) was a Zli]-basis for Of, where
L = @(i,\/g). As such, a 2 x 2 STBC could be constructed using the
extension L/Q(7), with codewords of the form

(e )+ (o) G 3) = G 2) + () G )

where ¢ is the generator of Gal(L/Q(i)), and pu = 1_2‘/5.

This construction can be generalized to obtain n x n codewords: Let L/K
be a Galois extension of degree n such that its Galois group is cyclic, with
generator 0. Let v € K be non-zero such that 0 # v,72,...,7" ! € K are
not a norm of some element of L. Then the set of matrices

T
. yo(w,) yo?(rn1) Yo" (wg)
Ty o(ry)  yo?(x,) yo™(x3)
Ty 0(Tnoo) 0*(Tn_3) vo" Y z,)
T 0(Tp 1) 0%(Tp ) o ()
with x1,...,z, € L form an STBC.
Now, let us assume that z,...,z, € Or. Let {011,091, ...,0,1} be an integral

basis for Op. For i1 =1,...,n, let

n
T; = E Or12ki,
=1



with the zp;’s in Og. If for each ¢+ = 1,...,n and j = 1,...,n, we let

Qij = O'j_l(eil), then

= Z 7107 1 (0r1)  (as the x;,’s lie in the base field)

o’ (1) o°(2) o°(3) ()
701(%) Ul(fcl) 01(1‘2) Ul(l’n—l)
X = [102(@n)  702(@.) o) 02(2n2)
yoHxy) o Hwz) yoH(xy) ... 0" Hxy)
Oi1i 01240 Oinziz ... 0i1Tin,
n V0i2Tin, Oiowi1 Oioio ... 92‘2%(7%1)
= V0i3Tin—1) V0i3Tin OzTin ... 0i3Tin_2)
=1 : : : :
YOinio VOinTiz VinTia . .. Oinin
i1 X41 X2 i3 ... Tin
n Oio YZin Tin T2 ... Ti(n-1)
= 03 YZin—1) VTin Tix ... Ti(n—2)
py . . .
Oin VL2 Y3 YLid .- Ti1



3.2 The Decoding Identity for the Golden Code

[5] analyzes two different decoding algorithms for the Golden code: exact ML
decoding and a quadratic algorithm that gives essentially ML performance.
We give a quick sketch of the process, placing emphasis on the parts which
will be relevant to this paper.

Codewords from the Golden Code have the following form:

xr1 T3 4 T To T4
T3 X1 w) \ixy x3)’

with 7 = 1+2‘/5, 71 = —1. The view at the receiver is given by
hll h21 h117' hglu
r11,712) = (21,2 . + (22,2 . + (n11,N12),
(rverie) = onan) (2320 ) o) (173 ) ()

_ hia  hag hiaT h22/£
(ro1,722) = (1, 23) ( . his ) + (22, x4) ( ihgatt haaT + (n21, n22),

where n11, 112, N2 and ngy are complex Gaussian random variables with zero
mean and covariance 20215, modeling noise in the channels.

For simplicity, introduce the following matrices:
h— hir ho ;L _ hi T h21,u
thoy  hn ’ ih21ll hi T
g= hia  hao §= hiaT  hoop
ihgg h12 ’ Z.}7122/1 hlZT
H = (h7 g)? ‘H = (il’ g)

Let s = (x1,23), ¢ = (29,x4). Then the likelihood function of s and ¢ given
the received signal r is given by

1 77112
p(rls, c) ocexp(— WHr—sH—cHH )



Taking the prior distribution of the symbols s and ¢ to be uniform on the
constellation C from which we draw our x;’s, we have the ML estimate given
by:

(8, ¢) = argmax p(r|s, c).
s,cc(C?

In essence, exact ML decoding looks at the likelihood function p(r|zy, X),
where X = (x9,23,24). This likelihood is maximized with respect to z,
given X, giving maximizer #;(X). Then, the resulting partially optimized
likelihood is maximized with respect to X, to give maximizer X. The exact
ML solution is obtained: (z1,x,xs,x4) = (£1(X),X). This algorithm is
O(N?), where N is the size of the QAM constellation that is in use.

The details for the quadratic algorithm that gives essentially ML performance
are complicated and largely irrelevant to this paper. Instead of looking at the
likelihood function p(r|x;, X), this algorithm looks at the likelihood function
p(r|s,c) and performs roughly the same steps as the exact ML decoding
algorithm.

It can be verified for the Golden Code that HH' + HHT is a multiple of the
identity. This is the decoding identity that makes the quadratic algorithm
work well. We wish to study this decoding identity and find STBCs that
satisfy this particular identity.

We conclude this subsection with a lemma that will be useful in understand-
ing the identity above.

Lemma 3.1. HH' + HH' is a multiple of I, < hh! + hh! is a multiple of
L.

Proof. Note that HH' + HH' = (hht + iLZLi) + (99" + gg'). As the hy;’s are
to be viewed as indeterminates and hh' + hh' and gg' + §g' involve different
hi;’s in their expressions, it means that

HH'+ HH' multiple of I = hht+hh" multiple of I, g¢"+ §g" multiple of 1.

However, h (iL resp.) looks exactly the same as g (g resp.), except the inde-
terminates have been switched: h;; and ho; in h have been replaced with hio
and hgo in g. This means that

hh' + At multiple of I < gg' + §g' multiple of 1.

8



Thus,
hht + hhT multiple of I < HH'+ HH' multiple of I.

3.3 The Decoding Identity for an n x n Code

[3] walks through the same process as [5] for a 3 x 3 perfect STBC instead
of the Golden code. Let Hy, Hy, H3 be the 3 x 3 analogues for H and H of
the Golden code. It was noted that the identity

H\H! + H,H} + H3H = kI,

where k is a constant, formed the basis for the fast decoding algorithm pre-
sented later in the paper.

We call the natural extension of this identity to the n x n case the ”decoding
identity”:

> HH] =kI, (1)
i=1
where k is some constant, and the H,’s are the n x n analogues of H and H
of the Golden code.

Next, we derive explicit expressions for the n-dimensional analogues of h and
h (we do not need to do so for the n-dimensional analogues of H and H, as
we will see later). Ignoring noise, the view at the transmitter for the first
receiver is:

0.1 i1 Ti2

n ' 0‘2 YLin Ti1

(r11,7125 -+ - T1n) = (ha1, hor, - ht) Z . TTi(n-1)  TTin
i=1 : : :

ein

YTz VL3
Ti1 T2 - Lin

n TYTin Tit .- Ti(n—1)

= Z(eﬂhm Oiohat, ..., 0inhnt) | VTitn-1) VTin - Ti(n-2)

i=1 : : :

YTi2 YTi3 ... Ti1



At the receiver itself, we have:

Oi1hi1 Oichor ... Oin o1
n YOinhin1 Oihin ... ei(n—l)h(n—l)l
(111,125 - -, T1n) = Z(:cﬂ, Tigs - Zin) | Witn-0 -1 VWinhnr .. Oin—2)h(n—2)1
i=1 : : :
YBi2ho YOishs1 ... 0i1h11

As such, the analogues of h and h for the n x n case are

Oi1h1 Oiohor ... Oinhn1
YOinhn1 Oinhin ... Qi(n—l)h(n—m
h; = | Win-hm-11 YWinhm .. Oin-h-21 |, fori=1,2,...,n.
V0ihay VOizshzr ... Oi1hi

Notice that the relevant expressions for the other receivers are almost ex-
actly the same, and only differ from each other in the same way that h and
g differed for the Golden code (i.e. the labels of the indeterminates were
switched). As such, (1) can be reduced to

Z hih! = kI,, k constant. (2)
i=1

The proof of this reduction is similar to the proof of Lemma 3.1. We will refer
to both (1) and (2) as the ”decoding identity”. There will be no confusion
as the two equations are equivalent.

4 Finding Conditions on STBCs satisfying the
Decoding Identity

In this section we want to find necessary and sufficient conditions for STBCs
to satisfy the decoding identity. Following [4], we seek to find STBCs satis-
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fying the decoding identity of the form

i1 X1 X2 i3 ... Tin
n Oio YZin Tin T2 ... Ti(pn-1)
E O3 YTitn-1) VTin Tix .- Ti(n-2)
=1 . . . . :
Oin VT2 YXi3 Y4 .- Ti1

Unlike [4], however, we do not place any restrictions on the 6;;’s and on -,
i.e. the only restriction we have is that v,0;; € C\ {0}, fori,j =1,...,n.

Let H=)"", hth. Consider the diagonal entries of H. For j =1,2,... n,

(hih1>jj = (101 711> + [Oi2han | + - - - + |9i(n+1—j)h(n+1—j)1|2)
+ [V (10inr2—jy Prnrz—in | + -+ + |Oinhna|?) fori=1,...,n,

n

(H)j;; = > _(hihl);;

i=1

= <\h11|2 S 10l + -+ e Y |9i(n+1_j)|2>
i=1 =1

+ <|h(n+2j)1|2|’Y|2 Z Oitnra—pl* + - 4 [ [Py [? Z |9m|2> ,
i—1

=1

In order for H to be a multiple of the identity, we must have (H),; equal for
all j. As the h;;’s are indeterminates, we must have the coefficients of each

|hi1|? be the same in each of (H);;. In particular, considering the coefficient
of [hp1|? in (H)pq and (H),,, we have

n n
Z 10in]* = |7 Z 002 = |y =1(as 6;;’s are non-zero).
i=1 i=1

It is clear that |y| = 1 guarantees that the diagonal entries of H are all equal.
As such, we have the following lemma:

Lemma 4.1. Diagonal entries of H are all equal < |y| = 1.

11



From now on, assume that |y| = 1. Introduce the matrix

1

7 _ <0 In_1> _ N
0 .
K 1

Z has two properties that we will find useful:

1. Z is unitary i.e. 271 = Z1.
2. " =~1,.

The first property is clear from inspection. Below is the proof for the second
property.

Proof. Let Z be the matrix representation of some linear transformation T
acting from V to V', where V' is some n-dimensional vector space, with respect
to basis {ai,...,a,}. Then for each i =1,... n,

T”(a,) — Tn—z‘—&—l(Tz‘—l(ai))
— Tn—H—l(al)
= Tnii(’ﬂ“t)
= ya;.

The conclusion follows immediately. O

Using the fact that ZT = Z~1, for each i, we have:

hi = O0ahi I + Oihoy Z + -+ + O hyn 271
hl = O0ahind + Ophn Z7' + -+ + O hy 2770,

12



Now, using I =y 12" fori=1,...,n,
hih} = (104 *[ha* + |02 *[Baa|* + - - 4 [0 [* [P [*)
+ (0i10i2h11ho1 4 Oi20i3ha1hay + - - - 4 Oin—1)Oinhn—1y1 1 + Y 0By har) Z
+ (0bishiihsy + - - - + Oi—2)Oinhn—2y1 hn1 + 7_19i(n—1)9i1h(n—1)1h11 + 5 Oinbishniho ) 27

+ (O binhirhay + v 0201 horhay + -+ + 7_1§in9i(n71)Bnlh(nfl)l)zn_l-

First, note that when we sum up hihzT over 4, we are just adding summation
signs, from 1 to n, in front of each coefficient of Z* (k from 0 to n — 1).
Second, note that for any i and j such that 0 < 4,5 <n —1,i # j, 3p,q
such that both (Z%),, and (Z7),, are nonzero. This means that in order for
the off-diagonal entries of H to all be zero, we must have the coefficient of
Z% in the Z-expansion of H equal to zero for k = 1,...,n. Finally, as the

hiihji’s are considered indeterminates, in order for H to be a multiple of the
identity, we must have

D 00k =0 Vj#k (3)
i=1

The converse is trivially true. In summary, we have the following theorem:

Theorem 4.2.

v =1

H a multiple of the identity < - .
{2121 0;;0i =0 Vj#k.

5 Example of an STBC satisfying the Decod-
ing Property

We present an STBC that satisfies the right-hand side of Theorem 4.2 is a
particularly nice way.

Letgze%. Forj=1,....,n,and k=1,...,n, let

13



with a; € C, || = M for all j, for some M € RT.

Claim 5.1. An STBC with 6j;’s as defined above, and with any v € C such
that |y| = 1, satisfies the right-hand side of Theorem 4.2, and hence satisfies
the decoding identity.

Proof. We only have the prove the second condition on the right-hand side
i.e. the condition involving the 0;;’s.

For any j and k such that j # k,
=1 i=1
= Z(@i . ai)g(i—l)(l—j)c(i—l)(k—l)
i=1

= ZM2(C'€_j)i_1 (as |a;| = M for all 7)
i=1

=0 (as k — j # 0 and ¢*77 is an n™ root of unity # 1).

Some remarks regarding the proof above are in order:

1. The proof above did not require any restrictions on the «;’s except
that they are all of the same length. If we require 6;; = 1 for all j, set
a1 = 1.

2. The proof above would still work if ( = e is replaced with any
primitive n'" root of unity. (3) would not hold if we replaced ¢ with
an n' root of unity that does not generate all n'® roots of unity (i.e. a
non-primitive n'" root of unity).

3. The solution above has been constructed such that the proof of it sat-

14



isfying (3) is straightforward. For this solution, for all j,

01052 = 05203 = - - - = 00,1 = ¢/
n0j2 = Cz(j_l)

<SB!

0103 = Oj200 = -+ =

0]10jn = 0]20]1 —_ = 0_]”0](”_1) = C(n_l)(j_l)'

A natural question to ask is whether there are other codes which satisfy (3)
and having |y| = 1. The answer is yes: for instance, the 3 x3 STBC presented
in [3] and [4] is one such code.

5.1 Bounding det(X; — X;) from Below

A technique used in [4] to show that det(X; — X;) is bounded from below
was to show that for any codeword X € C, det X lay in the integer ring of a
field. As such, if the code is fully diverse (i.e. X # 0 = det X # 0), a bound
on det(X; — X;) from below follows immediately.

In this section, we wish to find a cyclic extension F/F of degree n, «;’s and
7 such that for all X € C, det X lies in Op whenever the x;;’s all lie in Op.

We begin by proving the following lemma:

Lemma 5.2. Let n > 2. Then, for a;; € Cfor¢,7=1,...,n, and v € C,

ai1 a2 ... QGin-1) Gin Qg2 Q23 ... QG2n (21
Ya21 Q22 ... A2(pn—1) Q2n Yazz2 azz ... A3p (31
det | Yas1 7Yas2 ... A3(n—-1) A3n | =det | Y42 YA43 ... Qan Qa1
Yan1 YAn2 ... YApn-1) 0dnn Yai2 Y@z ... YGip Q11

15



Proof.

ail a12

Yasgy 22

det : :
YA(n—-1)1 YA(n-1)2

Yan1 Yan2

a2 23

Yazz  Aass3

Let A= | Ya42 7Q43

Yai2 a3

A1n Yaz1 A2
n 1
as asr  Yasz2
- (—1)"‘1 det
n—1)n nl n2
a ya ya
Ann a1 Q12
22 23
yasz  ass
o ( 1)2(n71) det
VAn2  YAn3
a12 a13
92 93 Ao
Yas2 ass a3n
= det : : :
Yan2 Yan3 (nn
19 a13 A1n
a9, a91 Q22 23 Q2n
as, as1 Yaz2  ass a3n
Q4n Q41 | B = :
Yan2 Yan3 QAnn
Yay, a1 a2 Q13 Q1in

a2(n—-1)
a3(n—-1)

’Yan(n—l
A1(n—1)

A2n
A3n

arm

A1n

Ya21
Yasi

Yan1
a1

Yaz1
Yasi

7an1
a11

Notice that each a;; is in the same cell for A and B. Recall the formula

det X = Z sgn(o) ﬁxi,o(i)-
=1

oES,

We have

det A = Z 7;4 sgn(o) ﬁxi,ﬂ(i%
i=1

oESy

det B =Y 7 sgn(o) ﬁ Tia(i);
=1

O'ESTL

16

Q2n,
a3n,

) Anpn
A1n

a1

Ya31

Yan1
ail



where 72 (2 resp.) is v to the power of the number of times v appears in
the permutation matrix of o for A (B resp.). We just have to show that for
all 0, 77 =7

Note that for 2 <i,7 <mn,
(a;; has a 7 before it in A) < (a;; has a v before it in B).

If a;; is in the permutation matrix, there is no v before a;; in both A and
B. If ay; is in the permutation matrix for some j > 1, a;; must be in the
permutation matrix for some k > 1 (and vice versa). Between the two of
them they have one 7 before them. As such, v4 = ~Z for all o € S,,. Thus
det A = det B. O

Let the generator of the Galois group of E/F be o. Then det X lies in Op
if and only if det X = odet X. An easy way to do this is to have, for all
Ti; € OF,
o(onm1j + Toj + - + Quyj) = qxy; + aolre; + -+ - + OénCn_l%j V7,

O'(Ckll'lj + OéQC.CL’Qj + -+ Ofncn_ll’nj) = alxlj + OéQCQ.CEgj + -4 ancz(”_l)xm Vj,

o1y + ao" M wgy + -+ 4l 1) = anyy + agwgy + -+ @y VY,
'}/GF,Oél,...,OénEOE.

We can then apply Lemma 5.2 to get det X = o det X. (The above is suffi-
cient is because o det(X;;) = det(o(X;5)).)

There is a natural choice in order for the above identities to be satisfied.
Let E = Q((u2), F = Q((), o such that o((ue) = (5 a, = &' for

n2

k=1,...,n,v=(, We can apply Lemma 5.2 to get the result that det X
is invariant under o.

It remains to show that o generates Gal(E/F'). The proof is given below.
Proof. Consider the fields Q C Q(¢,) C Q((u2). Extensions Q((,2)/Q and

Q(¢n)/Q are Galois extensions with Galois groups (Z/n?Z)* and (Z/nZ)*
respectively. Let Galois extension Q((,2)/Q((,) have Galois group H. Then

(Z/n*Z)* |H = (Z/nZ)*.

17



Let ¢ : (Z/n*Z)* — (Z/nZ)* such that ¢(a (mod n?)) = a (mod n). Then
clearly ¢ is a homormophism of groups, and

ker(¢) = {kn+1 (mod n*)|k=0,...,n—1}

which is isomorphic to Z/nZ. Thus H = ker(¢) = Z/nZ. Note that
oty = 7(1';“)”“. This means that (o) is isomorphic to Z/nZ. Thus
(o) 2 H. O

Signal constellations are usually not drawn from the lattice Z[(,] for general
n. However, if 3|n or 4|n, we have Z[(s3] C Z[(,] or Z[(4] C Z|(,], in which
case we can limit our symbols to QAM- or HEX- symbols.

5.2 detX for the 3 x 3 Codeword

We calculate the determinant for the case of n = 3. Write the codewords as

x1 + Coo + (33 y1 + Cova + GBys 21+ Coza + (323
X=| G+ n+Gm) w1+ Gue+ G v+ Coyo + s |
G+ e+ Glys) GGz + G+ (t2) a1 + Qoo+ (glag

with x;,y;, z; € Z[(3]. Then

det X = (27 + G5 + C33) + (Cyi + Gus +u3) + (G2 + 25 + G23)
+3(1 + ¢§)miaozs + 3(G + Dyayays + 3(E5 + () 212223
— 3(x1y322 + Tay123 + T3Y221)
— 3C3(21Y223 + Tay321 + T3Y122)
— 3(Gr1y121 + (3ay220 + T3Ys2s).

If det X # 0 whenever X # 0, then, together with the results from Section
5.1, we would get a positive lower bound on det(X; — X;). Unfortunately,
when all the z;,y;, z; are zero except xy and y3, and when z; = —y3, we have
det X = 0.

18



5.3 Linear Combinations of STBCs

Due to the additivity and multiplicativity of the automorphism o, if we have
2 codebooks C; and C, such that for any X € C; and any Y € C,, the
equations on page 17 hold, then those same equations will hold as well for
X+Y. This means that once we have some STBCs that satisfy the equations
on page 17, they generate a space of solutions to those equations via linear
combinations. We can then look for STBCs with non-vanishing determinant
from this space.

6 Conclusion

Cyclic division algebras provide a beautiful way to prove the non-vanishing
property of the determinant for an STBC by relating each non-zero code-
word with a non-zero element of a cyclic division algebra, which is invertible.
The computation of a general n x n determinant is not straightforward, and
working with another algebraic object helps us to obtain results on the de-
terminant via an indirect route.

This paper has attempted to develop STBCs with desirable properties (i.e.
the decoding property and non-vanishing determinant) directly from the de-
terminant. In the final section of the paper it was noted that while the
solution provided in Section 5 does not always produce STBCs with non-
vanishing determinant, it is possible that a linear combination of these STBCs
would produce an STBC with non-vanishing determinant. Also, in this paper
we have only dealt with a narrow scope of solutions that satisfy the identities
in Theorem 4.2. There are several other solutions that are important that
were not analyzed (e.g. the 3 x 3 STBC in [3]. This is a direction where
future research could be conducted.
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